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Introduction: Ramsey-Koopman-Case model

@ We now turn to the neoclassical growth model with endogenous
saving rate, which is often labeled the Ramsey-Cass-Koopmans model
or simply the Ramsey model.
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saving rate, which is often labeled the Ramsey-Cass-Koopmans model
or simply the Ramsey model.

@ Introduction to some standard tools for economic dynamics in the
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Introduction: Ramsey-Koopman-Case model

@ We now turn to the neoclassical growth model with endogenous
saving rate, which is often labeled the Ramsey-Cass-Koopmans model
or simply the Ramsey model.

@ Introduction to some standard tools for economic dynamics in the
continuous time.

@ The Calculus of Variations

@ Phase diagram
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The Calculus of Variations: Statement of the problem

@ Consider the following intergral:

b
J= /f(t,x(t),x(t))dt

where a and b are some constants. The function x(t)can either be
real-valued or Rn valued. Let X be the set of all differentiable
functions defined on the closed interval [a, b] .
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The Calculus of Variations: Statement of the problem

@ Consider the following intergral:

J= /f(t,x(t),x(t))dt

where a and b are some constants. The function x(t)can either be
real-valued or Rn valued. Let X be the set of all differentiable
functions defined on the closed interval [a, b] .

@ Problem:Choose a function x(t) € X such that J is maximized
(minimized) subject to the terminal conditions

pfwang (Institute)
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The Calculus of Variations: Example

Consider the following example: Find the curve which joints two points on
the plane with the minimum distance. A curve joining A and B can be
represented by x(t) with x(a) = «, and x(b) = B.

@ The distance: the distance along each infinitesimal segment of x(t) is

ds = 1/ (dt)? + (dx)2 = /14 (%)th — it xR ()
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The Calculus of Variations: Example

Consider the following example: Find the curve which joints two points on
the plane with the minimum distance. A curve joining A and B can be
represented by x(t) with x(a) = «, and x(b) = B.

@ The distance: the distance along each infinitesimal segment of x(t) is

ds = \/(dt)? + (dx)2 = /14 <%)2dt _ 1t x(pd (1)

@ total distance:

b
J= /«/1+ [x(£)]2dt 2)
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The Calculus of Variations: Example

Consider the following example: Find the curve which joints two points on
the plane with the minimum distance. A curve joining A and B can be
represented by x(t) with x(a) = «, and x(b) = B.

@ The distance: the distance along each infinitesimal segment of x(t) is

ds = \/(dt)? + (dx)2 = /14 <%)2dt _ 1t x(pd (1)

@ total distance:
b
J= /«/1+ [x(1)]2dt 2)

@ The problem is then to find a function x(t) € X to minimize the
above integral subject to x(t) with x(a) = a, and x(b) = B.
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The Calculus of Variations: Example 2

o Consider the saving problem

J= /OT e Ptu(c,)dt (3)
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The Calculus of Variations: Example 2

@ Consider the saving problem

J= /OT e Ptu(c,)dt (3)

@ with constraint
St =15t — ¢t (4)
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The Calculus of Variations: Example 2

@ Consider the saving problem

J= /OT e Ptu(c,)dt (3)

@ with constraint
St =15t — ¢t (4)

@ rewrite ¢; as rs; — 5, we have

-
J:/ e Plu(rs; — & )dt (5)
0
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The Calculus of Variations: Example 2

@ Consider the saving problem
-
J= / e Pt u(c)dt 3)
0

@ with constraint
St =15t — ¢t (4)

@ rewrite ¢; as rs; — 5, we have
-
J= / e Ptu(rsy — 5 )dt (5)
0

@ the problem is find a consumption path to maximize J
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Euler Equation

@ Let X be the set of all real-valued (and single valued) continuous
differentiable functions defined on the closed interval [a, b]. We want
to find a function x(t) in X which maximizes (or minimizes) the

following integral:

Notes on the Ramsey Model

pfwang (Institute)



Euler Equation

o Let X be the set of all real-valued (and single valued) continuous
differentiable functions defined on the closed interval [a, b]. We want
to find a function x(t) in X which maximizes (or minimizes) the
following integral:

b
J= /f(t,x(t),k(t))dt

@ subject to x(a) = a and x(b) = B. We assume that f possesses
continuous first and second partial derivatives with respect to all its
arguments.Suppose that there exist a function

x(t) € X (6)

that maximizes (or minimizes) J.

pfwang (Institute) Notes on the Ramsey Model



Euler Equation (continued)

o Consider an arbitrary differentiable function h(t) € X, such that
h(a) = 0 and h(b) = 0. Let € be a real number and define

xe(t) = X(t) +eh(t). (7)

Notice x.(a) = a and x.(b) = B, so x.(t) satisfies the constraint.
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Euler Equation (continued)

o Consider an arbitrary differentiable function h(t) € X, such that
h(a) = 0 and h(b) = 0. Let ¢ be a real number and define

xe(t) = %(t) + eh(t). (7)

Notice x.(a) = « and x.(b) = B, so x(t) satisfies the constraint.

@ By assumption J[x] attains its maximum (minimum) when € = 0. so

we have
9J[x]

oe

’s:O =0 (8)
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Euler Equation (continued)

@ But we have

0J x| d
de de
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Euler Equation (continued)

@ But we have

x| o [P, . o i
e = aTc,/a Ft, %(t) + eh(t), 8 (£) + eh(t)]dt
b b
_ /fx’h(t)dt+/ £ h(t)dt 9)
@ Integration by parts yields:
b b [of!
/f;h(t)dt = f;-h|§—/ {d:h(t)} dt (10)

_ /:’ Pdft){h(t)} dt, as h(a) = h(b) = 0
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Euler Equation (continued)

@ But we have:

dJ[x] B br_, of]

= 0 (11)

since this true for any h(t) € X, with h(a) = h(b) = 0. So we
conclude that
of]

fX/ _ CT; =0 for all t € [a, b] (12)
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Euler Equation (continued)

@ But we have:

o = [ ]r- 2 e
_ 0 (11)

since this true for any h(t) € X, with h(a) = h(b) = 0. So we
conclude that

,_ 9K

&—E:Oforallte[a,b] (12)

@ Therefore, we have the following necessary condition for the
maximum (minimum) of the integral J

of (t, x(t), x(t)) _ i[af(t,x(t),x(t))]
ox(t) dt ox(t)

(13)

This equation is called Euler’s equation (condition).
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Application (continued)

@ The mimimum distance problem:
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Application (continued)

@ The mimimum distance problem:

J= /b«/l + [Xx(t)])%dt (14)

@ using the Euler equations we have

~d of(t,x(t), x(t))
0= & %mw !
_ d x(t) ] (15)

Notes on the Ramsey Model
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Application (continued)

@ The mimimum distance problem:

J= /b«/l + [Xx(t)])%dt (14)

@ using the Euler equations we have

~d of(t,x(t),x(t))
e I
d x(t)

=] (15)

@ so we have

Notes on the Ramsey Model

pfwang (Institute)



Application (continued)

x(t) = const (16)
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Application (continued)

x(t) = const (16)

x(t) =vt+0o (17)
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Application (continued)

x(t) = const (16)

x(t)=qt+0o (17)
e since x(a) = &, x(b) = B, we obtain

ap —ab
a—b

x(t) = (C2Pyey
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Back to the Ramsey Model-Assumptions

@ The environment: The economy is composed of many identical firms
and identical households. The numbers of firms and households are

both sufficiently large so that none has significant influence on market
prices.
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Back to the Ramsey Model-Assumptions

@ The environment: The economy is composed of many identical firms
and identical households. The numbers of firms and households are

both sufficiently large so that none has significant influence on market
prices.

@ Firms: Each firm has access to the production technology
Y = F(K,AL) (19)

F has same properties as in chapter 1. The profit function of the
representative firm in each period is given by

Ht: Yt—(rt+5>Kt—WtLt (20)
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Back to the Ramsey Model-Assumptions

@ There are H identical households, where H is a fixed number. Each
household is composed of M; identical members. Each member

supplies one unit of labor at every point in time. The size of each
household grows at rate n:

MI‘ = th (21)
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Back to the Ramsey Model-Assumptions

@ There are H identical households, where H is a fixed number. Each
household is composed of M; identical members. Each member
supplies one unit of labor at every point in time. The size of each
household grows at rate n:

M, = nM, (21)
@ Households maximizes
00 L
U= e PLU(C) L dt (22)
Jt=0 H

where C is the consumption of a member, u(C) is the corresponding

utility level, % is the number of members of the household, and p is

the discount rate for the future.
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Back to the Ramsey Model-Assumptions

@ There are H identical households, where H is a fixed number. Each
household is composed of M; identical members. Each member
supplies one unit of labor at every point in time. The size of each
household grows at rate n:

M, = nM, (21)
@ Households maximizes
o0 L
U= e PLU(Cy) L dt (22)
t=0 H

where C is the consumption of a member, u(C) is the corresponding
utility level, % is the number of members of the household, and p is

the discount rate for the future.

@ Assume H = 1 as a normalization.
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Back to the Ramsey Model-Assumptions

@ The utility function
C170
T 1-9

u(C) (23)
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Back to the Ramsey Model-Assumptions

@ The utility function
Cl—9
T 1-96

u(C) (23)

@ the utility function is concave if and only if 6 > 0.
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Back to the Ramsey Model-Assumptions

@ The utility function

Cl—9
= 2
U(C) = 1 (23)
@ the utility function is concave if and only if 6 > 0.
@ the coefficient of relative risk aversion is given by
Cu//
= 0 (24)

which measure the individual attide towards risk.
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Back to the Ramsey Model-Assumptions

@ The utility function

Cl—9
= 2
U(C) = 1 (23)
@ the utility function is concave if and only if 6 > 0.
@ the coefficient of relative risk aversion is given by
Cu/l
= 0 (24)

which measure the individual attide towards risk.

@ The elasticity of intertemporal substitution between consumption at
any two points in time is 1/0:

U(G) P

U'(Cevj)  Peyj

(25)
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Back to the Ramsey Model-Assumptions

@ The elasticity of intertemporal substitution between consumption at
any two points in time is 1/6:

Ce >‘9 P,
— 26
(Ct+j Pt+j ( )
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Back to the Ramsey Model-Assumptions

@ The elasticity of intertemporal substitution between consumption at
any two points in time is 1/6:

G )‘9 Pi
= 26
(Ct+j Pt+j ( )
@ or c c
a(ctfv)/(qf.) 1
R TEayn ait 1)
a(Pr+j)/Pt+j
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Firm’'s behavior

o firm profit maximization

oIl
sk = Fk—(r+8)=0 (28)
?Tl;([ = AF—w=0 (29)

pfwang (Institute) Notes on the Ramsey Model



Firm’'s behavior

o firm profit maximization

oIl
sk = Fk—(r+o)=0 (28)
31,3 = AF/—w=0 (29)

@ constant return to scale implies

FikK+F] - AL = F(K, AL) (30)
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Firm’'s behavior

o firm profit maximization

oIl
sk = Fk—(r+o)=0 (28)
31,3 = AF/—w=0 (29)

@ constant return to scale implies
FiK+ F/-AL= F(K,AL) (30)

@ or we have

wl+ (r+0)K =FK+AL-F/ =Y (31)
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Firm’'s behavior

o firm profit maximization

oIl
sk = Fk—(r+o)=0 (28)
31,3 = AF/—w=0 (29)

@ constant return to scale implies
FiK+ F/-AL= F(K,AL) (30)

@ or we have
wl+ (r+0)K=FK+AL-F/ =Y (31)

@ Hence there is zero profit.
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Firm's behavior (continued)

e Again f(k) = F(4,1), so we have Fj. = r+ 6 = f("k). The proof
is easy

~

F(K, AL) = ALf(%) (32)
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Firm's behavior (continued)

o Again f(k) = F(£,1), so we have Fj, = r + & = f(’'k). The proof

is easy
K
F(K,AL) = ALf(— 2
o differentiating with respect to K, so we have
K1
! !
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Firm's behavior (continued)

o Again f(k) = F(£,1), so we have Fj, = r + & = f(’'k). The proof

is easy

K
F(K,AL) = ALf(— 2

o differentiating with respect to K, so we have

K., 1

/ o

Fio = ALf (AL>AL (k) (33)
@ also we have 1

Fi = f"(k)— (34)

AL
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Firm's behavior (continued)

o Again f(k) = F(£,1), so we have Fj, = r + & = f(’'k). The proof

is easy

K

F(K,AL) = ALF (47

o differentiating with respect to K, so we have

K. 1
F, = ALf’
K UQAL
@ also we have 1
F// — f‘// k
(k)21

@ real wage

F+H(r+d)k=y=
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Firm's behavior (continued)

Again f(k) = F(£-,1), so we have Fj. = r +6 = f('k). The proof

is easy

K

F(K,AL) = ALF (47

differentiating with respect to K, so we have

also we have

real wage

we can rewrite it as

pfwang (Institute)

Fi

A

K. 1
!
"ALf(AL>AL
1
F//:f'// k
()AL
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Yo (r+8)k=y = f(k)

(32)




Household’s behavior

@ We first derive the hosuehold budget constraint. In discrete time, 1
unit of goods invested at time 0 yields IT,_,(1 4+ r¢).
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Household’s behavior

@ We first derive the hosuehold budget constraint. In discrete time, 1
unit of goods invested at time 0 yields IT._;(1 + r¢).

@ continous time analogues replace 1+ ry by e*. Then we note that
t . . .
[1L_,e™ = el=0""  whose continuous time analogue is

eft = elo redt, (36)
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Household’s behavior

@ We first derive the hosuehold budget constraint. In discrete time, 1
unit of goods invested at time 0 yields IT._;(1 + r¢).

@ continous time analogues replace 1+ rr by e*. Then we note that
t . . .
[TL_,e™ = el=0""  whose continuous time analogue is

eft = elo rrdT, (36)

@ budget constraint: Suppose the representative household’s initial
capital holdings is Ky and it is K at time t = s.

e RK, +/ “ReC,Lodt = K0+/ Rolodt  (37)
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Household’s behavior

o differentiating both sides w.r.t. s

—ree B +e FK, +e RCL. = e Pwl, (38)
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Household’s behavior

o differentiating both sides w.r.t. s
—re Rk, +e RK +e RCL, = e Fwsl, (38)
@ this holds for any time s, so we have
Cel + Ke = reKe + we Ly (39)

where the LHS is the total expenditure, while the RHS is the total
income.
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Household’s behavior

o differentiating both sides w.r.t. s
—re R+ e R +e RCL = e Rowl, (38)
@ this holds for any time s, so we have
Cely + Ky = reKe + wi Ly (39)

where the LHS is the total expenditure, while the RHS is the total
income.
@ The no-Ponzi-game condition: taking limit of the life-time budget
constraint to the limit we have
S S
lim e ReK, + lim / e R CoLedt = Ko+ lim / e Riw,Lodt (40)
0 0

S—00 S—00 S5—00
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Household’s behavior

o differentiating both sides w.r.t. s
—re R+ e R +e RCL = e Rowl, (38)
@ this holds for any time s, so we have
Cely + Ky = reKe + wi Ly (39)

where the LHS is the total expenditure, while the RHS is the total
income.
@ The no-Ponzi-game condition: taking limit of the life-time budget
constraint to the limit we have
S S
lim e ReK, + lim / e R CLedt = Ko+ lim / e Riw,Lodt (40)
0 0

5§—00 S§—00 S—00
@ where we need to impose

lim e K, >0 (41)

S§—00
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Household’s behavior

The no-Ponzi-game condition: taking limit of the life-time budget
constraint to the limit we have

S S
lim e RsK, + lim / e RiCilidt = Ky + lim / e RwLdt  (42)
0 0

S—00 S—00 S—00

where we need to impose

lim e Rk, >0 (43)
S$§—0Q
it is to say
[e0] oo
/o e ReClidt < Ky + SILmOO/() e Riw, L, dt (44)

the life time present value of consumption can not exceed the life-time
income plus initial wealth.
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Household’s behavior

@ The resource constraint

rth+WtLt: Yt—éKt (45)
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Household’s behavior

@ The resource constraint
rth+WtLt = Yt—(SKt- (45)
@ The household budget hence shows

CtLt + Kt — Yt - 5Kt (46)
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Household’s behavior

@ The resource constraint

rKe +wiely = Ye — 0K, (45)
@ The household budget hence shows

Cili + Ki = Yy — 0K, (46)
@ we can write it in effective-labor term as

ct + ke = f(ke) — (g +n+0)k: (47)
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Household’s behavior

@ The resource constraint
rKe +wiely = Ye — 0K, (45)
@ The household budget hence shows
Cili + Ki = Yy — 0K, (46)
@ we can write it in effective-labor term as
ce+ ke = f(ke) — (g +n+0)k: (47)

@ where ¢; = A%
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Transformation

@ Transformation of utility function to per-effective labor economy

—pt L :Al_eL / —pt =t
U= / 9 edt =74 "o | e Ty

—0

dt,  (48)

where B =p — (1 —0)g — n. We assume B > 0. Without loss of
generality, we assume assume Ay = Ly = 1.
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Transformation (continued)

@ Transformation of budget constraint

/ “ReCoLpdt < Ky + / “Re, L, dt (49)
JO
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Transformation (continued)

@ Transformation of budget constraint
/ tCtLtdt < K() +/ tWtL dt (49)
0

@ can be written as

AOLO/ e Reletnte, gt < K0+A0L0/ e Reeletnty) dt - (50)
0 0
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Transformation (continued)

@ Transformation of budget constraint
/0°° ReCiledt < Ko —|—/ “Reyw, Lodt (49)
@ can be written as
AoLy /000 e, Rrel&+mtc dt < Ky + Aglg /000 e Reletnty, dr  (50)
@ where w; = f\’—i, or

/ e;Rte(g+n)tCtdt S k0+/ eiRte(gjLn)t(Utdt (51)
0 0
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Transformation (continued)

@ Transformation of budget constraint
/ tCtLtdt < K() +/ tWtL dt (49)
0

@ can be written as

AoLo / e Rrel8 Mt e dt < Ky + Aolo / e Reel8tnty dt (50)
0 0

@ where w; = or

Wi

Aitl

/ e Reeletmte, dr < ko +/ e ReeEt i de  (51)
0 0

@ No-Ponzi-game condition:

lim e R Ky = AgLg lim e Reeletmsy — 0 (52)

S—00 S—00

pfwang (Institute) Notes on the Ramsey Model



Maximization (continued)

@ We can set the constrained maximization problem using the Lagrange

method:
00 1-0
7ﬂtct7dt
mCEtJX/t 0 € 1—46
+A ko +/ ~Regletnity, dt—/ e Reeletn)te gt (53)
0

where A > 0 is the Lagarangian multiplier.
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Maximization (continued)

@ We can set the constrained maximization problem using the Lagrange

method:
. 1-0
*ﬁtctidt
mc?x/t 0 € 1—-0
(o]
k0+/ “Regletnty, dt—/ e Rieletntc, dt] (53)
0

where A > 0 is the Lagarangian multiplier.

@ The FOC w.r.t ¢ is (since, ¢ deso not appear)

e*ﬁtcfe = \e Reeletn)t (54)
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Maximization (continued)

@ We can set the constrained maximization problem using the Lagrange
method:

) C1—9
max/ e Pt gt
Ct t=0 1-— 9

k0+/ “Regletnty, dt—/ e Rieletntc, dt] (53)
0

where A > 0 is the Lagarangian multiplier.

@ The FOC w.r.t ¢; is (since, & deso not appear)

e Pt = N Reeletnt (54)

c[e = \elPtetn) =R (55)
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Maximization (continued)

o taking log and differiating both side we have

—92—(ﬁ+g+n)—rt (56)
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Maximization (continued)

@ taking log and differiating both side we have

@ or
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Maximization (continued)

@ taking log and differiating both side we have

—GZ =(B+g+n) —r (56)
@ or c':t_l o
a—g(ft—ﬁ—g—”) (57)

@ the smaller 6, the more sensitive consumption to interest rate change.

pfwang (Institute) Notes on the Ramsey Model



Maximization (continued)

taking log and differiating both side we have

—GZ =(B+g+n) —r (56)
or c':t_l o
a—g(ft—ﬁ—g—”) (57)

the smaller 8, the more sensitive consumption to interest rate change.

Equation (57) is known as the Euler equation for this maximization
problem.
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Solution of a Planer

@ The objective function

) 1-0

—ptt
max/t:Oe 179dt (58)
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Solution of a Planer

@ The objective function

1-0

Tt g 58
max/t:Oe 10 (58)

@ the constraints
kt:f(kt)—(g+§+n)kt—ct (59)
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Solution of a Planer

@ The objective function

1-0

T ebt S g 58
max/t:Oe 10 (58)

@ the constraints
l.(t: f(kt)—(g—i—5—|—n)kt—ct (59)

@ Define

00 1-0
J= Oeﬁr{lct 0—}—/\t[f(kt)—(g+(5+n)kt—ct—kt]}dt
t: _

(60)
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Solution of a Planer

@ choose function ¢;, ki, A+

.00 1-6
J:/ eﬁt{ct +/\t [f(kt)(g+5+n)ktctkt]}dt
t

-0 1-0
(61)
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Solution of a Planer

@ choose function ¢;, ki, A+

J:/ e_ﬁt{ Ct +/\t [f(kt)—(g—i—é—i—n)kt—ct—kt] dt
t

-0 1-6
(61)
@ Notice since neither &, A, appear. So Euler equation w.r.t ¢; and A,
is easy
%= A (62)
f(ke) = (g + 0+ ke —ct = ki (63)
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Solution of a Planer

o Euler equation w.r.t k; by

of (t, x(t), x(t)) _ i[af(t,x(t),x(t))]
ox(t) dt ox(t)
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Solution of a Planer

@ Euler equation w.r.t k; by

of (t, x(t), x(t)) _ i[af(t,x(t),x(t))]
ox(t) dt ox(t)

(64)

@ we have

A [F(ke) — (g +6+m)] e bt = %[—Ate_ﬁt] (65)
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Solution of a Planer

@ Euler equation w.r.t k; by

of (t, x(t), x(t)) _ i[af(t,x(t),x(t))]
ox(t) dt ox(t)

@ we have

A [F (k) — (g 4+ 6+ m)] et = %[—Ate_ﬁt] (65)

Ae [f/(ke) — (g +6+n)] e Pt = [—A¢ + BAiJe P! (66)
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Solution of a Planer

@ Euler equation w.r.t k; by

of (t, x(t), x(t)) _ i[af(t,x(t),x(t))]
ox(t) dt ox(t)

@ we have
d
Ae [f(ke) — (g +6+n)] e Pt = a[—?»te‘ﬁt] (65)
@ or

A [Fl(ke) — (g +6+n)] e Pt =[—A; + BAJe Pt (66)

,7:f’(kt)—5—ﬁ—g—n (67)
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The Dynamics of the economy

@ The Phase Diagram: The dynamics of c is describled by

Ct

Ct

[f'(k) =6 —p—g—n] (68)

| =
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The Dynamics of the economy

@ The Phase Diagram: The dynamics of c is describled by
¢ 1

Lo —s-p-g—n (68)
Ct

@ and the capital follows

kt:f(kt)—(5+g+n)kt_(:t

Notes on the Ramsey Model
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o ¢ = 0 implies

>

f'(ky=6+g+n+p (69)
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o ¢ =0 implies
f'lky=6+g+n+p (69)

o if k; > k, we have
fl(k) <S+g+n+p (70)
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o ¢ =0 implies

f'lky=6+g+n+p (69)
o if ke > k, we have
f’(kt)<(5+g+n+ﬁ (70)
@ Oor
& 1.,
=l (ke) =6 —p—g—n] <0 (71)
Ct 0
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o ¢ =0 implies

f'lky=6+g+n+p (69)
o if ke > k, we have
f’(kt)<(5+g—i—n—i—ﬁ (70)
@ or
& 1.,
— = [f(k) —6—-p—g—n] <0 (71)
Ct 0

@ and conversly, if k; < k, we have % > 0, or consumption would
increases.
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@ The dynamics of capital is described by the instantaneous budget
constraint,

ke = f(ke) — (0 + g+ n)ke — ct;
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@ The dynamics of capital is described by the instantaneous budget
constraint,
ke = f(ke) — (6 + g+ n)ke — cr;

@ so we have the constant capital locus is describled by k; = 0 or by

ce =f(ke) — (0+g+n)k: (72)

pfwang (Institute) Notes on the Ramsey Model



@ The dynamics of capital is described by the instantaneous budget
constraint,
ke = f(ke) — (6 + g+ n)ke — cr;

@ so we have the constant capital locus is describled by k; = 0 or by

ce =f(ke) — (0+g+n)k: (72)

@ which is hump-shaped in the ¢ — k space. Above the curve,
consumption is too hight, hence k; < 0 or k; |; below this curve,
consumption is too low, hence k; > 0 or k; 1.
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Phase Diagram

de/dt=0

L

pfwang (Institute)
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Phase Diagram (continued)

@ The cross point of the two constant locus curves is the unique steady
state at which both ¢; and k; equal 0.
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Phase Diagram (continued)

@ The cross point of the two constant locus curves is the unique steady
state at which both ¢; and k; equal 0.

@ The optimal consumption path is a Saddle Path (Figure 1), which
indicates unique equilibrium.
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Phase Diagram (continued)

@ The cross point of the two constant locus curves is the unique steady
state at which both ¢; and k; equal 0.

@ The optimal consumption path is a Saddle Path (Figure 1), which
indicates unique equilibrium.

@ The solution to this two-variable differential equation system is
essentially the policy ¢; = c(k;) for arbitrary t. Hence, given kg, we
need only to know ¢y = c(ko)then the Euler equation and the
instantaneous budget constraint will guide the economy towards the
steady state along the saddle path.
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Phase Diagram (continued)

@ The cross point of the two constant locus curves is the unique steady
state at which both ¢; and k; equal 0.

@ The optimal consumption path is a Saddle Path (Figure 1), which
indicates unique equilibrium.

@ The solution to this two-variable differential equation system is
essentially the policy ¢; = c(k;) for arbitrary t. Hence, given ko, we
need only to know ¢y = c(ko)then the Euler equation and the
instantaneous budget constraint will guide the economy towards the
steady state along the saddle path.

@ However, the two differential equations (the Euler equation and the
instantaneous budget constraint) are not sufficient to give the optimal
policy rule unless some extra conditions are given [differential
equations give only the optimal rate of change, not the levels.
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The Golden rule and balanced growth path

@ The S-S satisfies the modified golden rule (= Golden rule if § = 0):

f(k)y=B+d+g+n
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The Golden rule and balanced growth path

@ The S-S satisfies the modified golden rule (= Golden rule if § = 0):
f(k)y=B+0+g+n

@ The modified-golden-rule saving rats is

¢ . f(k—(gtn+d)k
Ty T 10
= (g-#—n—l—&)f(kk)
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The Golden rule and balanced growth path

@ The S-S satisfies the modified golden rule (= Golden rule if § = 0):
f(k)y=B+0+g+n

@ The modified-golden-rule saving rats is

¢ . flk)—(g+n+d)k
Ty o (K
= (g+n+5)f(kk)

@ and by definition & = f

w -~ g+n+o
(k) B+g+n+d

1—)5/:(g+n+5) ) < a.
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Unexpected & Permanent Changes in discount rate

c de/dt=0

T

—_——————
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Unexpected & Transitory Changes in discount rate

¢ de/dt=0
Fy |
| +—
| ——=
: ra “I
! }'J}"
: ;! If
Ve
14 1
r,j : |
;o dk/dt=0
: !
|
|
l
: k
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Expected & Permanent Changes in discount rate

c de/dt=0

1
|+
1
1 & !
1 yd ,’
1 ( Ry
A
v/
1/
1
{I
/1 dk/dt=0
I
T
|
! k
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Expected & Transitory Changes in discount rate

c de/dt=0
—
| : ;
: R\ il .
: \..‘ - -,
1 !
1 L1
I A
| S,
|
! dk/dt=0
|
:
: k
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Algebraic Analysis

@ Linearization around the S-S. we have

Ct:ct%(f’(kt)—ﬁ—é—g—n) (73)
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Algebraic Analysis

@ Linearization around the S-S. we have

& = ct%(f'(kt)—[%—é—g—n) (73)

@ so the linearization version is
d¢;
Y

t_g[ct—apr—(kt—k) (74)

¢

pfwang (Institute) Notes on the Ramsey Model



Algebraic Analysis

@ Linearization around the S-S. we have
) 1
& = cté(f'(kt)—ﬁ—é—g—n) (73)

@ so the linearization version is
¢t

dc

3t

ok

@ notice that% =0forc=¢ and% = %f”(/?), so we have

Ct

1R
| o
S+
—~
= |
~-
| —~
X X
~— ~—
—~
=
&
|
-
~—
—~
~
(6]
~—
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Algebraic Analysis (continued)

@ The capital equation

ke = f(kt) — (6 + g+ n)ke — ¢t (76)
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Algebraic Analysis (continued)

@ The capital equation

kt: f(kt)—(5—|—g—|—n)kt—ct (76)
@ so linear this y 5
ke _ k¢ -
kt_i[ct*C}+aik(kt*k) (77)
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Algebraic Analysis (continued)

@ The capital equation

kt: f(kt)—(5—|—g—|—n)kt—ct (76)
@ so linear this Y 5

: ki, . ks _

kt ~ g[ct—C] ﬁ(kt_k) (77)

@ and in the steady-state

oke ok B
3¢ = l,ﬁff(k) (g+n+6)=p8 (78)
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Algebraic Analysis (continued)

@ The capital equation
kt = f(kt) — (5+g+ n)kt — Ct

@ so linear this

ok ok | -

ki ~ —[c; — ¢ ke — k
e e le et g (k= k)
@ and in the steady-state

ok, . ok

5 _—1,—ak =f'(k)—(g+n+9)

@ so we have
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Solving the difference equation

@ We have obtain

& = —T(k—k) (80)
ke = —[ct—c]+ Blke — K] (81)
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Solving the difference equation

@ We have obtain

& = —1(ke—k) (80)
ke = —[ce—¢]+ Blke — K] (81)

e differentiating k;, we have

k! = T(k — k) + Bk (82)
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Solving the difference equation

@ We have obtain
G = —T(kt — l_() (80)
o differentiating k:, we have

k! = T(k — k) + Bkt (82)

@ Guessing the solution is

ki — k = ae™t (83)
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Solving the difference equation

o It implies
A2 =T+BA (84)
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Solving the difference equation

o It implies
A2 =T+ BA (84)

(ot} = 5 (/B +40) (85)

@ the roots are

pfwang (Institute) Notes on the Ramsey Model



Solving the difference equation

o It implies
A2 =T+ BA (84)

(it} = 5 (BB +47) (85)

@ clearly one of them is positive and the other negative. Let y; < 0 and
py >0

@ the roots are
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Solving the difference equation

@ Let u; <0 and p, > 0, we must have

ki — k = ajeft 4+ ayelt, (86)
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Solving the difference equation

@ Let u; <0 and p, >0, we must have

ke — k = ajel1t + apelat, (86)

@ so we have
ke = arpp e’ + app,eltt, (87)
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Solving the difference equation

@ Let u; <0 and p, >0, we must have

ke — k = ajel1t + apelat, (86)
@ so we have

ke = apy e + appiel, (87)
@ so consumption is

Ct—C‘:ﬁ(kt—k)—kt (88)
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Solving the difference equation

@ Let u; <0 and p, >0, we must have

ke — k = ajel1t + apelat, (86)
@ so we have

ke = apy e + appiel, (87)
@ so consumption is

Ct—(_::ﬁ(kt—k)—kt (88)
@ or

ct—¢ = Plke—k)—aip e’ — app,et’
= aip,et 4 app et (89)
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Solving two coefficients

@ to determine {a1, a>}, we have

ko =k + a1 + a (90)
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Solving two coefficients

@ to determine {aj, a2}, we have
ko =k+a1+a (90)

@ and
€ =C+ pyar + pya2 (91)
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Solving two coefficients

@ to determine {aj, a2}, we have

e and

ko =k + a1 + a (90)

€ =C+ pyar + pya2 (91)

= ey —2— (ko — K)] (92)
? Hi— Ky ’ 20

pfwang (Institute)
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Solving two coefficients

o We already have

a = H[CO*E*VQ(/(O*R)} (93)
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Solving two coefficients

@ We already have

1 _ -
a = H[CO—C_Vz(kO—k)] (93)

@ ¢ is a choice variable. So we need to choose a ¢
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Solving two coefficients

@ We already have
1 _
a = 7[% —C— (ko — k)] (93)
By — Ko =

@ ¢y is a choice variable. So we need to choose a ¢

@ unless ¢y is chosen such that a, = 0, the system will explode, becuase
po >0
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Solving two coefficients

@ We already have

1 _
32:7[%—5—]/! (ko—k)] (93)
By — Ko ?
@ ¢y is a choice variable. So we need to choose a ¢

@ unless ¢y is chosen such that a, = 0, the system will explode, becuase
Uy, >0

@ so we must have

o — € = py(ko — k) (94)
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Solving two coefficients

@ we already have
o — T = pp(ko — k) (95)
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Solving two coefficients

@ we already have
c — € = Hy(ko — k) (95)

@ and a = 0, so we by kg = k + a; + a», we have

a = ko — k (96)
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Solving two coefficients

@ we already have
c — € = Hy(ko — k) (95)

@ and a = 0, so we by kg = k + a; + a», we have
@ hence the solutions are

ke — k = (ko — k)elt (97)
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Solving two coefficients

@ we already have
c — € = Hy(ko — k) (95)

@ and a = 0, so we by kg = k + a; + a», we have

ap =k — k (96)
@ hence the solutions are
ke —k = (ko — k)et? (97)
@ and
¢t — €= py(ke — k) = (g — €)et’ (98)
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Anticipated permanent change in

Given an anticipated permanent change in B that will take place later in
period t = T > 0, what's the optimal response of consumption now in
period t = 07

@ The system is characterized by
ki — k = ajelt + apel2?, (99)

and
¢ — €= ap ettt 4 appy et’ (100)
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Anticipated permanent change in

p

Given an anticipated permanent change in B that will take place later in
period t = T > 0, what's the optimal response of consumption now in
period t = 07

@ The system is characterized by

ky — k = ajeftt + apelt, (99)
and
¢t — €= aip,elt + app et (100)
@ where 1 )
n=o (11 (ko — k)—] (101)
e CRL R ACE) (102)
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Anticipated permanent change in

p

@ Starting from the steady-state, ko = k and suppose the optimal
consumption is

co=¢+Ac (103)
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Anticipated permanent change in

p

@ Starting from the steady-state, ky = k and suppose the optimal

consumption is

@ then we have

and

pfwang (Institute)

co==¢+Ac (103)
1
a = — Ac (104)
i~ Ko
1
a = Ac (105)
Hi—Ho
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The path of consumption and capital

@ T period later, we have

and
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The path of consumption and capital

@ T period later, we have

A
ke — k= —25 [—e Mt 4 ehf] (106)
My — Ko

and
Ac

_7/‘1_?"2

@ at t = T, a permanent change in B, hence the steady-state changes
from {k, ¢} to {k*, c*}

(a8 " 4y e’] (107)

CT_(_:
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The path of consumption and capital

@ so we must have

Cr— K = i, (ke — K¥) (108)
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The path of consumption and capital

@ so we must have
cr — k¥ = yz(kr — k*) (108)

@ substituting out {kz, c;},yields

c—c"+

— efylt + e]”th
-, (=1, el

_ . Ac
= k — k* +
pal Hi—Hy

(~etT e (100)
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The path of consumption and capital

@ so we must have
cr — k¥ = yz(kr — k*) (108)

@ substituting out {kz, c;},yields

Ac

c—c*+ —ppe E 4oy et

0y — #2[ Ho pyelt]
= k —k* + —el1T 4 el 109
pol 0y — P‘z( )] (109)

e or
AC }l T T * = ES
——(ny — pp)e?" = [y (k— k%) — (¢ — )] (110)
My — Hy
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The path of consumption and capital

@ We have
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The path of consumption and capital

@ We have

(y = Hp)et?™ = [pp(k — k*) — (€ = c¥)] (111)

Be = [uy(k— k') = (2 = c*)]e HT (112)

pfwang (Institute) Notes on the Ramsey Model



The path of consumption and capital

@ We have

Ac
Hi— MKy

(y = Hp)et?™ = [pp(k — k*) — (€ = c¥)] (111)

Ac = [py(k — k*) — (¢ — c*)|e tT (112)
@ have in the new and old steady-state

c—c*=pB(k—k") (113)
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The path of consumption and capital

@ We have

Ac
Hi— MKy

(y = Hp)et?™ = [pp(k — k*) — (€ = c¥)] (111)

Ac = [py(k — k*) — (¢ — c*)|e tT (112)
@ have in the new and old steady-state

c—c* = p(k—k) (113)

Ac = (s, — B)(k — k*)e T > 0 (114)
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